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Motivic constructible functions
Grothendieck rings
Integrability

The authors regret that the proof of the furthermore part of [1, Proposition 4.1] does
not work in the presence of torsion. This then also affects one part of [1, Proposition 4.2],
where that furthermore part is used. In this corrigendum, we formulate and prove cor-
rected versions of the wrong parts of these two propositions (as Propositions 1.4 and 3.1),
and we explain how to adapt the proofs of the main results of [1] to use the corrected
statements (as Propositions 1.3 and 3.2). In Sections 1 and 2, we deal with the results
related to nullity of motivic functions, namely [1, Proposition 4.1] and its application in
the proof of [1, Theorem 1]. Section 3 deals with the statements related to integrability,
namely [1, Proposition 4.2] and its application in the proof of [1, Theorem 2].

1. Corrected statements concerning nullity

We use notation and terminology from [1]. In particular, we work in valued fields
using an expansion £ of the Denef-Pas language by constant symbols. As in [1], we
need to work in a non-elementary class S of valued fields, all of which are of the form
(k((t)),k,Z), for some fields k of characteristic 0, and we emphasize this by writing
“S-definable”. Recall that non-elementarity of the class S is relevant for the notion of a
“point” of an S-definable set X: A point is a pair (K,z) with K € § and = € Xg. For
details about this and the related notation, we refer the reader to [1, Sections 2, 3.1].
However, for the purpose of this corrigendum, one could mostly pretend to just work in
one fixed valued field of the form k((t)) all the time.

In [1, Sections 3.2, 3.3], several classes of motivic functions are introduced, in line
with the classes of motivic functions introduced in [2] and [3]. This entire corrigendum
applies to the two classes ¢ and €°. We introduce a short hand notation to prove things
for both of them simultaneously.

Notation 1.1. Given any S-definable set X, (X)) either stands for €' (X) or for €°(X).
By a “motivic function on X”, we mean an element of ¢~(X).

Almost the entire corrigendum is about motivic functions of a specific shape. We fix
this once and for all.

Assumption 1.2. Let A be any S-definable set and let

f= Y cap-g* - LP € €I(VGL, x A) (1.1)
(a,b)eL
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be a motivic function, where L € N7 x Z7 is a finite set, cq5 € €9(A), g = (91,- -+, 9r)
is the coordinate projection from VGY, x A to VGLg, g* stands for gi* --- gy~ and b- g
stands for by - g1 + - -+ + b, - g-. We sometimes implicitly set ¢, , = 0 for (a,b) ¢ L.

Consider the following statements about such f:

(Eval=0) For every point z on VGL, the restriction of f;;}xa is zero (as an element
of €5 ({x} x A)).
(Fct=0) f =0 (as an element of ¢~ (VG x A)).
(Coeff=0) For all (a,b) € L, we have ¢, = 0 (in €5(A)).

Clearly, we have (Coeff=0) = (Fct=0) = (Eval=0). The “furthermore” part of [1,
Proposition 4.1] claims that one also has the reverse implication (Fct=0) = (Coeff=0).
This is potentially wrong, as Example 1.6 shows. (In the proof, we were not careful
enough concerning torsion elements in €~(VGL, x A).) That furthermore part is used
in two places, namely the proofs of [1, Propogition 4.2] and [1, Theorem 1]. For the
moment, let us consider the latter one. (Proposition 4.2 is related to integrability; we
will come back to it in Section 3.)

Theorem 1 of [1] states, among others, that if a motivic function f € €5(X) evaluates
to 0 at every point on X, then f itself is 0. Case 2 on [1, p. 23] proves Theorem 1
under the assumption that X ¢ VG x RF™. This is reduced to the special case where
X = VG, x A, for some A C RFY, and where f is as in Assumption 1.2. Using Case 1
on [1, p. 22], one deduces (from the assumption that f evaluates to 0 at every point on
X) that f satisfies (Eval=0), so to finish the proof of Case 2, it remains to prove:

Proposition 1.3. For A, f,L,... as in Assumption 1.2, we have (Eval=0) = (Fct=0).

This is where the furthermore part of [1, Proposition 4.1] is used. Inspecting that
proof carefully shows not only that it can be adapted to use the modified furthermore
part that we state below as Proposition 1.4, but moreover, that the key ingredients of
the proof of Proposition 1.4 itself are also already contained there. We will nevertheless
give detailed proofs of Propositions 1.3 and 1.4 in this corrigendum.

To state the corrected furthermore part, we introduce weaker version of the above
statements about f, namely, where “= 0” has been replaced by “is torsion”:

(EvalTor) For every point z on VG, the restriction of f to {z} x A is a torsion element
of ¥5({zx} x A) (meani;lg that there exists a non-zero integer N such that
N - f(x) =0).
(FctTor) f is a torsion element of ¥ (VGL, x A).
(CoeffTor) For all (a,b) € L, cqp is a torsion element of €U (A).
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We shall prove the following two variants of the furthermore part of [1, Proposi-
tion 4.1]:

Proposition 1.4. For A, f,L,... as in Assumption 1.2, we have the following:

(1) If L C {0} x Z", then (Eval=0) < (Fct=0) < (Coeff=0).
(2) (EvalTor) < (FctTor) < (CoeffTor).

So: The original version (Fct=0) = (Coeff=0) of the furthermore part holds under
an additional assumption on L; without assumption on L, we at least have the torsion
variant (FctTor) = (CoeffTor). Moreover, we already moved large parts of the proof of
Proposition 1.3 into Proposition 1.4 by proving the stronger conclusions (Eval=0) =
(Coeff=0) and (EvalTor) = (CoeffTor).

The proof of Proposition 1.3 needs one more ingredient:

Lemma 1.5. For A, f,L,... as in Assumption 1.2, if (Eval=0) and (CoeffTor) hold, then
for each b, we have ) cqpg® = 0. In particular, f = 0.

Proof of Proposition 1.3. First note that (Eval=0) trivially implies (EvalTor); then
apply Proposition 1.4(2) to get (CoeffTor), and finally use the lemma to deduce
(Fet=0). O

Before proceeding with the main proofs, we give an example showing that the impli-
cation (Fct=0) = (Coeff=0) is most likely really wrong in general (namely, as soon as
% (A) contains torsion elements).

Example 1.6. Suppose % (A) contains a non-zero element ¢ which is 2-torsion, that is,
2¢ = 0, for some S-definable set A, and consider the function f € € (VG x A) given
by f = cg + cg® (where as usual, g: VG>o x A — VGx is the coordinate projection).
Clearly, f does not satisfy (Coeff=0), but one easily verifies that f satisfies (Eval=0),
and hence also (Fct=0) (e.g. by Lemma 1.5).

In the next section, we prove Proposition 1.4 and Lemma 1.5. As already announced,
the other place where the furthermore part of [1, Proposition 4.1] is used (namely [1,
Proposition 4.2]) will be treated in Section 3.

2. Proofs concerning nullity

We start by giving a proof of Proposition 1.4(2). We will not give a separate proof of
Proposition 1.4(1), since it has exactly the same structure; one just needs to replace “is
torsion” by “is zero” in the obvious places and drop the part of the proof where L is not
a subset of {0} x Z". (In that part, torsion cannot be avoided.)
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Proof of Proposition 1.4(2). It suffices to prove (EvalTor) = (CoeffTor), since we triv-
ially have (CoeffTor) = (FctTor) = (EvalTor).

It is enough to prove the r = 1 case. Indeed, the general case can be reduced to that
case using induction as follows: Set A’ = VGL,' x A and write f as a sum of the form

(1.1) “relative to A", i.e.,

f = Z C:n,ln ’ gal ’ ]Lbl'gl’ (22)

(a1 ,bl)EL/

for some suitable L' C N x Z and some c;, , € ¢P(A"). More precisely, we have

! _ a an ba-go+-+bn-gn
Cay,by = Z Cla1,...an),(b1,...bp) '922 o Gn L7292 : (23)

(azy..san,b2,....by)

By assumption, f|{,}x4 is torsion for point z on VGgO. Fixing a point z; on VG> and
applying the inductive (EvalTor) = (FctTor) to the restriction fi 21} XVGIT XA yields
that fl{ml}XVG;BIXA is torsion. Doing this for all z; shows that f satisfies (EvalTor)

relative to A’ = VGL;' x A. We now apply the r = 1 case of (EvalTor) = (CoeffTor)
to the sum (2.2) to_get that C:zl,bl is torsion for all (ay,b;) € L’. Finally, we apply
the inductive (FetTor) = (CoeffTor) to each ¢, ; , which yields that ¢, is torsion, as
desired.

So from now on, we assume r = 1. We may additionally assume that L C N x N;
otherwise, multiply f by a suitable power of L9, which is invertible in %D(VG;O x A).
Clearly, we may also assume that L # (). -

We do an induction on (@max, bmax) := max L, with respect to the lexicographic order.'

In the case (Gmax, bmax) = (0,0), the only coefficient is ¢g 9, and we essentially have
co,0 = fl{oyxa (where “essentially” means: up to identifying A with {0} x A), so we
trivially have (EvalTor) = (CoeffTor).

Suppose next that amax = 0 and byax > 1. We consider fuew € %D(VGZO x A),
which, in slightly sloppy notation, is defined by fuew(z,w) := f(z+1,w) — Lbwax f(z, w).
Writing out the sum defining f yields

fnew _ Z C(),b(H-fb _ Lbn\ax)ng'
(0,b)eL

Since the (0, byax ) summand cancels, we can apply induction to frew (note that (EvalTor)
for f implies (EvalTor) for fhew) and obtain that for each b < bpax, the coefficient
cop(ILY — Lbmax) of fey is torsion. Since L? — LPmex is invertible in &H (A), we obtain
that cgp is torsion for all b < bypax. It remains to show that cg is torsion. To this

max

1 Note that the order of induction is different than in [1, p. 23]. This is not essential, but makes the proof
cleaner.
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end, consider fiioyxa = > ;o Since fi{o}xa is torsion by assumption, and since all
but one summand of the sum are also torsion, so is the last remaining summand cyp,,,, -

Finally, suppose that amax > 0. (This part is irrelevant for the proof of Proposi-
tion 1.4(1).) We again consider fhew(z,w) := f(x + 1,w) — Lbmax f(x,w), and denote

its coefficients by ¢ ;, i.e., faew = D_qp Co 9" L9. Again, (EvalTor) holds for fuew, and

since ¢/, . =0, we can apply induction and hence obtain that all ¢/ , are torsion.
maxbmax .
We have
/ _ b b bun:
Camax—meax = Gmax * CamaX7bmaxL e + Caxnax_17blnaxL e — Camax_labmaxL max
contribution from f(z+1,w) contribution from Lbmax f(z,w)

bmax
= Omax * cama;ubmaxIL ’

sofromce. being torsion, we obtain that ¢,_. 5 . is torsion. (Here, we use that
Amax—1,bmax ) max 9

max

LPmax is invertible.) To get that the remaining coefficients of f are also torsion, apply
induction once more, this time to f — cq,.., oy g2 L0mex9. 0

Proof of Lemma 1.5. Set f, := Y, ca9° (sothat f =Y, f,L"9). Recall that we assume
(Eval=0) and (CoeffTor) and want to prove that f, = 0.

Fix a positive integer N such that N - ¢, = 0 for all (a,b) € L. For each i =
(i1,...,4r) € {0,...,N — 1}", let s; be the S-definable map VG, x A — VGL, x 4
sending (z,w) € N” to (Nz+4,w), and let f; := s7(f) and fip := s7(f5) be the pullbacks.
Then (Eval=0) for f clearly implies (Eval=0) for f;, i.e., fij{z}xa = 0 for every point x
on VGL,. Note that

fi=_ fip- LEWNotD (2.4)
b
and

fip = an,b “(Ng+1)"

(where we use some sloppy notation: Ng+i is the map sending a point (z,w) on VG5 x A
to the point Nz +i of VGL). After multiplying out the powers (Ng+i)* and dropping
all those summands which have a factor N (they disappear due to the factor cq3), one
obtains

E -
fi,b = Ca,b 1 I
a

which does not depend on g anymore. (More formally, f;, is the pullback of a motivic
function on A along the projection VG5, x A — A.) Thus Proposition 1.4(1) applies to
(2.4) and yields, using (Eval=0) = (Fct=0), that fi.p = 0. Since this holds for all ¢, this
implies f, = 0, as claimed. O
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In the next section, we will need a lemma whose proof is quite similar to the above
one. We prove it right away, while the reader (hopefully) still has the above proof in
mind:

Lemma 2.1. Suppose that all structures in S are elementarily equivalent (so that we can
identify the set of points on VG with N ) and that f =" c,g® is a motivic function on
VGs>o satisfying (CoeffTor) (i.e., each c, is torsion). Suppose moreover that (Eval=0)
holds almost everywhere, in the sense that the restriction fi(zyxa is zero for all but
finitely many x € N. Then f = 0.

Proof. We start as in the proof of Lemma 1.5: Fix N > 0 such that N - ¢, = 0 for all a,
define s;: VG>o — VG, — Nz +i as before for i € {0,...,N—1} and let f; := s7(f)
be the pullback. The computation we did for f;; in the above proof now applies directly
to f; and yields f; = >, ¢, - 9% Since (Eval=0) holds for f almost everywhere, it in
particular holds at some points in the image of s;, so there exists at least one x € N
such that fj(z3xa = 0. Since f; does not depend on z, this implies f; = 0. Since this
holds for all 4, we get f =0. O

3. Integrability

The second place where the furthermore part of [1, Proposition 4.1] is used (namely,
apart from [1, Theorem 1]) is [1, Proposition 4.2], which in turn is used in the proof
of [1, Theorem 2]. That Proposition 4.2 lists some statements which are claimed to be
equivalent to some motivic function being integrable in relative dimension 0. Statement
(iii) from the proposition however is too strong to be equivalent. Proposition 3.1 below is
a corrected version of the equivalence between integrability and (iii), but for simplicity,
this corrected version is stated in a less general setting than [1, Proposition 4.2]. That
less general version is enough for the application in the proof of [1, Theorem 2]|. The
notion of integrability for motivic functions is recalled in [1, Section 3.4], following [2]
and [3].

Proposition 3.1. Let A, f, L,... be as in Assumption 1.2, and suppose moreover that A
is of the form A = RF" x Z, for some S-definable set Z. Set Ly := LN (N" x (Z\ N)").
Then the following are equivalent:

(1) f is integrable in relative dimension O over Z, along the projection X — Z.
(2) The sub-sum foo = Z(a’b)eL\Lo Cap - g% - LYY is equal to 0 (as an element of
FI(VGL, x A)).

The stronger statement [1, Proposition 4.2](iii) claimed, instead of fo. = 0, that
cap = 0 for all (a,b) € L\ Ly. Our above Example 1.6 is also a potential counter-
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example to that: The function f in that example is integrable since it is zero, but c; o
and cg o are non-zero.

Remark 3.1. In the more general setting of [1, Proposition 4.2], f itself is not required
to be of the shape from Assumption 1.2. However, one can bring any motivic function f
into that shape by partitioning the domain into finitely many pieces X; and pulling back
along certain affine linear maps ;. The strong version of the corrected [1, Proposition 4.2]
would be: For every choice of such X; and 6;, the original f satisfies Proposition 3.1(1)
it and only if each pullback 07 (f) satisfies Proposition 3.1(2). That full version easily
follows from the version given in Proposition 3.1.

Before proving Proposition 3.1, we explain how it can replace the wrong part of [1,
Proposition 4.2] in the proof of [1, Theorem 2]. Note that we can freely use [1, Theorem 1]
and its corollaries. The place where that part of [1, Proposition 4.2] is used is in Case 1
on [1, p. 25]. There, after some reduction, we are in the situation where we need to prove
the following:

Proposition 3.2. Let A, f,L,... be as in Assumption 1.2. Suppose moreover that A =
RF"™ x Z and that f‘vggoxanX{z} is integrable for every point z on Z. Then f is
integrable in relative dimension 0 over Z (along the projection VG% x RF" x Z — Z).

Here is a proof of this using Proposition 3.1 instead of [1, Proposition 4.2].

Proof of Proposition 3.2. Applying Proposition 3.1 to f‘vggoxRan{z} yields that the
sub-sum -

Z CapRE"x {2} - 9° LY
(a,b)€L\Lo

(for Ly as in Proposition 3.1) is equal to 0. Since this holds for every point z on Z, [1,
Corollary 3.6.5] yields that also

Z Ca,b * ga : ]Lb‘g

(a,b)€L\Lo
is equal to 0. Thus we have f = Z(aﬁb)eLo capg?Lb, and this is clearly integrable. 0O
In the proof of Proposition 3.1, we will need the following lemma:

Lemma 3.3. Let f = ) cag® be a motivic function on VGso x A, and denote by
h: VG>o x A — A the projection. Suppose that there exists an S-definable set X C
VGxg x A such that for each point w on A, the fiber complement h=(w) \ X is finite
and such that fix = 0. Then f = 0.
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Proof. By [I, Corollary 3.6.5], it suffices to prove that f;-1(,) = 0 for every point w
on A. Thus it suffices to prove the lemma for A replaced by w and S replaced by S(w),
meaning firstly that A can be entirely dropped from the notation and secondly that all
structures in S are elementarily equivalent, so that we can identify the set of points on
VGzo with N.

Fix any d € N such that ¢ € X for all ¢ > d, and define : VG>9 — VG>¢ by 6(z) =
x4 d. Then the pullback 0*(f) =", ca(g + d)® is entirely zero. By Proposition 1.4 (1),
0 (f) has torsion coefficients. The coefficient of g* in 6*(f) has the form co+) /<,
for some integers s,/, so using a downwards induction on a, one obtains that all the ¢,

Sa’Cq’
are also torsion. Now Lemma 2.1 implies that f =0. O

Proof of Proposition 3.1. First note that the implication (2) = (1) is trivial: By (2), f
can be written as f =3, yer,
So let us now prove (1) = (2).

Cab-g®-L?9, which is integrable essentially by definition.

We start by treating the case r = 1.

Essentially by definition of integrability (and using the correct part of [1, Proposi-
tion 4.1]), we find a partition of the domain VG>¢ x A of f into sets X; and definable
bijections 6;: VG™ x A; — X; such that each pullback f; := 07(f) is of the form

fi= Y dapig"Lt? (3.5)

(a,b)EL;

with L; C N™ x (Z \ N)". Moreover, we have r; € {0,1} (since we are assuming r = 1),
and in the case r; = 1, the map 6; is of the form

Oi(x,w) = (e;x + d;(w), w).

for some positive integer e; and some definable function d;: A; = VG>o.

Now recall that f was given as a sum f = >, L9, where f, := Y a Cabg®, and
that our goal is to prove that foo = >,<, f5L%9 is zero. We will more precisely prove
that f, = 0 for every b > 0. To this end, it suffices to prove that for each i with r; = 1,
the pullback 6;(fy) is zero. Indeed, this implies f;x = 0, where X is the union the
corresponding images X;, and that union X satisfies the assumption of Lemma 3.3,
which then yields f, = 0.

We now fix an ¢ with r; = 1 for the remainder of the proof of the » = 1 case. The
pullback of f, is of the form

fin =07 (fo) = chyig®
a
and expressing the pullback of f in terms of this gives

fi= Zfi,blb'(eiﬁdi) = ZLb'difi,bLbeig- (3.6)
b b
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Subtracting (3.5) from (3.6) yields a sum
9= Z dg 9L

which is zero (as a motivic function). In particular, g satisfies (Eval=0), and by Propo-
sition 1.4(2), its coefficients dy, , are torsion, so Lemma 1.5 implies that for each fixed b
we have

Zda bg

Using that da be; = = Lbd: ca bi da pe, i, we obtain

Z(Lbdlca b, da,beui)ga = O (37)

a

for every b. Now recall that for b > 0, we have dg s, ,; = 0, so after multiplying by L—bdi|
(3.7) becomes f; = 0, which is what we had to show in the case r = 1.

Let us now come back to general r. To simplify notation, we set c,p = 0 for all
(a,b) ¢ L, so that we can omit L from the notation. We first prove a variant of the
desired result (1) = (2), namely that (1) implies

> Capg®Lb = 0. (3.8)
(a,b)ENTx (N xZr—1)

To obtain this, set A" = VG’;Bl x A and write f as

f= > dup g™ L, (3.9)
(a1,b1)ENXZ

. = Lg% ... g LT b2t tbngn
Cal’bl o Z C(alr"an)v(blv-ubn) 92 gn L .
(G.Q ..... ,Qp,bo,..., bn)GN"71><Z"71

That f is integrable over Z implies that it is also integrable over A’, so by the r = 1
case applied to (3.9), we have

/ (ll b1g1 _
z : Ca1,b:9 L =0.

(a1,b1)ENxN

Plugging in the ¢, , vields (3.8).
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Finally, we are in the position to prove (1) = (2) for arbitrary r. To this end, set

fi = Z ca,bga]ngv

(a,b)eM;

where M; = N” x (Z \ N)* x Z"7% for i = 0,...,r. Then f, = f — fs, 50 to obtain
foo = 0, we can equivalently show that f. = f.
Clearly we have fo = f. For ¢ > 1, we have

fici — fi= > Capg L%,

(a,b)eMi,l\Mi

and M;_1 \ M; = {(a,b) € M;_1 | b; € N}, so “(1) = (3.8)” applied to f;_1 (with
the first and the ith coordinate swapped) yields that f;—; — f; = 0. Putting everything
together gives f = fo=---=f,. O

The authors would like to apologize for any inconvenience caused.
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